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Abstract
In this paper we study the optimal dividend problem for a company whose surplus
process evolves as a spectrally positive Le´vy process before dividends are deducted. This
model includes the dual model of the classical risk model and the dual model with diffu-
sion as special cases. We assume that dividends are paid to the shareholders according
to an admissible strategy whose dividend rate is bounded by a constant. The objective
is to find a dividend policy so as to maximize the expected discounted value of dividends
which are paid to the shareholders until the company is ruined. We show that the optimal
dividend strategy is formed by a threshold strategy.
Keywords: Threshold strategy, Dual model, Optimal dividend strategy, Scale func-
tions, Spectrally positive Le´vy process, Stochastic control.
1
1 INTRODUCTION
Recently, dividend optimization problems for financial and insurance corporations have
attracted extensive attention. How should corporation pay dividends to its shareholders?
A possible goal is that the company tries to maximize the expectation of the discounted
dividends until possible ruin of the company. In recent years, quite a few interesting
papers deal with the optimal dividend problem in the dual model. The dual model is
an appropriate model for a company driven by inventions or discoveries. Other examples
are commission-based businesses, such as real estate agent offices or insurance annuity
business.
For example, Avanzi, Gerber and Shiu (2007) considered the model which is dual to
the classical risk model, where the authors studied how the expectation of the discounted
dividends until ruin can be calculated when gain distribution has an exponential distribu-
tion or mixtures of exponential distributions and show how the exact value of the optimal
dividend barrier can be determined. Avanzi and Gerber (2008) examined the same prob-
lem for the dual model perturbed by diffusion. Moreover, they pointed out that “the
optimal dividend strategy in the dual model is a barrier strategy. A direct proof that
an optimal strategy is a barrier strategy is of some interest but has not been given to
our knowledge; the proof in Bayraktar and Egami (2008) is for exponential gains only.”
Yao, Yang and Wang (2010) considered the optimal problem with dividend payments and
issuance of equity in a dual risk model without a diffusion, assuming proportional trans-
action costs, they found optimal strategy which maximizes the expected present value
of the dividends payout minus the discounted costs of issuing new equity before ruin.
In addition, for exponentially distributed jump sizes, closed form solutions are obtained.
Dai, Liu and Luan (2010, 2011) considered the same problem as in Yao et al. (2010) for a
dual risk model with a diffusion with bounded gains and exponential gains, respectively.
Avanzi, Shen and Wong (2011) determined an explicit form for the value function in the
dual model with diffusion when the gains distribution is a mixture of exponentials. They
showed that a barrier dividend strategy is also optimal and conjectured that the optimal
dividend strategy in the dual model with diffusion should be the barrier strategy, regard-
less of the gains distribution. Recently, Bayraktar, Kyprianou and Yamazaki (2013) using
the fluctuation theory of spectrally positive Le´vy processes, show the optimality of barrier
strategies for all such Le´vy processes.
All of above-mentioned papers deal with dual risk models with barrier strategy. Such a
strategy has a parameter b > 0, the level of the barrier. Whenever the surplus exceeds the
barrier, the excess is paid out immediately as a dividend. Barrier strategies often serve as
candidates for the optimal strategy when the dividend rate is unrestricted. However, if a
barrier strategy is applied, ultimate ruin of the company is certain. In many circumstances
this is not desirable. This consideration leads us to impose restriction on the dividend
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stream. Ng (2009) considered the dual of the compound Poisson model under a threshold
dividend strategy and derived a set of two integro-differential equations satisfied by the
expected total discounted dividends until ruin and showed how the equations can be solved
by using only one of the two integro-differential equations. The cases where profits follow
an exponential or a mixture of exponential distributions are then solved and the discussion
for the case of a general profit distribution follows by the use of Laplace transforms. He
illustrated how the optimal threshold level that maximizes the expected total discounted
dividends until ruin can be obtained. In this paper we provide a uniform mathematical
framework to analyze the optimal control problem with dividends payout for a general
spectrally positive Le´vy process when the dividend rate is restricted. This problem has
been considered by Asmussen and Taksar (1997), Jeanblanc-Picque´ and Shiryaev (1995)
and Hφjgaard and Taksar (1999) in the diffusive case.
The rest of the paper is organized as follows. Section 2 presents the model and for-
mulates the dividend optimization problem. Section 3 discusses the threshold strategies.
Explicit expressions for the expected discounted value of dividend payments are obtained,
and in Section 4 we give the main results; it is shown that the optimal dividend strat-
egy is formed by a threshold strategy. This strategy also called the refraction strategy,
prescribes paying no dividends when the net surplus of the company is below an optimal
barrier b∗, and paying dividends at the fixed maximal rate α when net surplus exceeds b∗.
2 The model and the optimization problem
Let X = {Xt}t≥0 be a spectrally positive Le´vy process with non-monotone paths on a
filtered probability space (Ω,F ,F, P ), where F = (Ft)t≥0 is generated by the process X
and satisfies the usual conditions. The Le´vy triplet of X is given by (c, σ,Π), where σ ≥ 0
and Π is a measure on (0,∞) satisfying∫ ∞
0
(1 ∧ x2)Π(dx) <∞.
Denote by Px for the law of X when X0 = x. Let Ex be the expectation associated with
Px. For short, we write P and E when X0 = 0. The Laplace exponent of X is given by
Ψ(θ) =
1
t
logEe−θXt = cθ +
1
2
σ2θ2 +
∫ ∞
0
(e−θx − 1 + θx1{0<x<1})Π(dx), (2.1)
where 1A is the indicator function of a set A. In the sequel, we assume that −Ψ
′(0+) =
E(X1) > 0 which implies the process X drifts to +∞. It is well known that if
∫∞
1
yΠ(dy) <
∞, then E(X1) <∞, and E(X1) = −c+
∫∞
1
yΠ(dy). Note that X has paths of bounded
variation if and only if
σ = 0 and
∫ ∞
0
(1 ∧ x)Π(dx) <∞.
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In this case, the Laplace exponent (2.1) can be written as
Ψ(θ) = c0θ +
1
2
σ2θ2 +
∫ ∞
0
(e−θx − 1)Π(dx), (2.2)
with c0 = c+
∫ 1
0
xΠ(dx) the so-called drift of X .
For an arbitrary spectrally positive Le´vy process, the Laplace exponent Ψ is strictly
convex on (0,∞) and limθ→∞Ψ(θ) =∞. Thus there exists a function Φ : [0,∞)→ [0,∞)
defined by Φ(q) = sup{θ ≥ 0|Ψ(θ) = q} such that Ψ(Φ(q)) = q, q ≥ 0.
For more details on spectrally positive Le´vy processes, the reader is referred to Bertoin
(1996) and Kyprianou (2006).
Assume the canonical decomposition of X is given by
Xt = −ct + σBt + Jt, t ≥ 0, (2.3)
where {Bt, t ≥ 0} is a standard Wiener process, {Jt, t ≥ 0} is a pure upward jump
Le´vy process that is independent of {Bt, t ≥ 0}. In addition J0 = 0. Note that the
dual model with diffusion in Avanzi and Gerber (2008) corresponds to the case in which
Π(dx) = λF (dx), where λ > 0 is the Poisson parameter and F is the distribution of
individual gains, and the rate of expenses is given by c0 = c +
∫ 1
0
xΠ(dx). In particular,
when σ = 0, the model reduces to the so-called dual model in Avanzi, Gerber and Shiu
(2007).
We now recall the definition of the q−scale function W (q). For each q ≥ 0 there exits a
continuous and increasing function W (q) : R→ [0,∞), called the q-scale function defined
in such a way that W (q)(x) = 0 for all x < 0 and on [0,∞) its Laplace transform is given
by ∫ ∞
0
e−θxW (q)(x)dx =
1
ψ(θ)− q
, θ > Φ(q). (2.4)
Closely related to W (q) is the function Z(q) given by
Z(q)(x) = 1 + q
∫ x
0
W (q)(y)dy, x ∈ R.
We will also use the following function
Z
(q)
(x) =
∫ x
0
Z(q)(z)dz, x ∈ R.
Note that
Z(q)(x) = 1, Z
(q)
(x) = x, x ≤ 0.
The following facts about the scale functions are taken from Chan, Kyprianou and Savov
(2011). If X has paths of bounded variation then, for all q ≥ 0, W (q)|(0,∞) ∈ C
1(0,∞)
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if and only if Π has no atoms. In the case that X has paths of unbounded variation, it
is known that, for all q ≥ 0, W (q)|(0,∞) ∈ C
1(0,∞). Moreover if σ > 0 then C1(0,∞)
may be replaced by C2(0,∞). Further, if the Le´vy measure has a density, then the scale
functions are always differentiable. It is well known that
W (q)(0+) =
{
1
c0
, if X has paths of bounded variation,
0, otherwise,
and
W (q)
′
(0+) =


2
σ2
, if σ 6= 0,
q+Π(0,∞)
c20
, if X is compound Poisson
∞, if σ = 0 and Π(0,∞) =∞.
In all cases, if q > 0, then W (q)(x) ∼ eΦ(q)x/Ψ′(Φ(q)) as x→∞.
We assume that the surplus process of the company is modeled by (2.3) if no dividends
are paid. An admissible (dividend) strategy pi = {Lpit |t ≥ 0} is given by a nondecreasing,
right-continuous and F-adapted process starting at 0. Let Upi = {Upit : t ≥ 0} be the
company’s surplus, net of dividend payments, at time t. Thus,
Upit = Xt − L
pi
t , t ≥ 0.
In this article we are interested in the case that pi only admits absolutely continuous
strategies such that
dLpit = l
pi(t)dt, (2.5)
and for t ≥ 0, lpi(t) satisfies
0 ≤ lpi(t) ≤ α, (2.6)
where α is a ceiling rate. We define the dividend-value function Vpi by
Vpi(x) = E
[∫ τpi
0
e−qtlpi(t)dt|Upi0 = x
]
,
where q > 0 is an interest force for the calculation of the present value and τpi is the time
of ruin which is defined by
τpi = inf{t > 0|U
pi
t = 0}.
We denote by Ξ the set of all the admissible dividend strategies. The objective is to solve
the following stochastic control problem: the maximal dividend-value function, which is
defined as
V (x) = sup
pi∈Ξ
Vpi(x), (2.7)
and to find an optimal policy pi∗ ∈ Ξ that satisfies V (x) = Vpi∗(x) for all x ≥ 0. In this
paper, we will prove that the optimal dividend strategy is formed by a threshold strategy
with parameters b∗ (the definition of b∗ is given by (4.4)) and α: whenever the controlled
risk process is below b∗, no dividends are paid; however, when the controlled risk process
is above this level, dividends are paid continuously at the maximal admissible rate α.
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3 Threshold dividend strategies
In this section, we assume that the company pays dividends according to the following
threshold strategy governed by parameters b > 0 and α > 0 when risk process is modeled
by X . Whenever the modified surplus is below the threshold level b, no dividends are paid.
However, when the surplus is above this threshold level, dividends are paid continuously
at a constant rate α. We define the modified risk process Ub = {Ub(t) : t ≥ 0} in which
Ub(t) is the solution to the stochastic differential equation given by
dUb(t) = dXt − α1{Ub(t)>b}dt, t ≥ 0.
In the case of X is the dual of the compound Poisson model, the risk process has been
studied by Ng (2009) in considerable detail. For the general spectrally positive Le´vy
process X , note that −X is a spectrally negative Le´vy process, the existence of unique
strong solution to above equation follows directly from Kyprianou and Loeffen (2010) in
which the so called refracted Le´vy processes were established for spectrally negative Le´vy
processes.
Let Db denote the present value of all dividends until time of ruin T . That is
Db = α
∫ T
0
e−qt1{Ub(t)>b}dt,
where T = inf{t > 0 : Ub(t) = 0} with T =∞ if Ub(t) > 0 for all t ≥ 0. Here q > 0 is the
discount rate. Denote by V (x, b) the expected discounted value of dividend payments,
that is,
V (x, b) = E(Db|Ub(0) = x).
Clearly, 0 ≤ V (x, b) ≤ α
q
and limx→∞ V (x, b) =
α
q
.
Denote by A the extended generator of the process X , which acts on sufficiently
smooth functions g defined by
Ag(x) =
1
2
σ2g′′(x)− cg′(x) +
∫ ∞
0
[g(x+ y)− g(x)− g′(x)y1{0<y<1}]Π(dy). (3.1)
Throughout this paper a function f : D → (0,∞) is called sufficiently smooth meaning
that it belongs to C1(D) if X is of bounded variation, it belongs to C2(D) if X has a
Gaussian exponent and it is twice continuously differentiable almost everywhere but is
not in C2(D) if X is of unbounded variation and σ = 0.
Theorem 3.1. Assume that, as a function of x, V (x, b) is sufficiently smooth on (0, b)∪
(b,∞). Then V (x, b) satisfies the following integro-differential equations
AV (x, b) = qV (x, b), 0 < x < b, (3.2)
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AV (x, b)− αV ′(x, b) = qV (x, b)− α, x > b, (3.3)
with initial condition V (0, b) = 0 and continuity condition
V (b−, b) = V (b+, b) = V (b, b). (3.4)
In addition,
(c0 + α)V
′(b+, b)− c0V
′(b−, b) = α, if X is of bounded variation, (3.5)
V ′(b+, b) = V ′(b−, b), if X is of unbounded variation. (3.6)
Proof. If σ > 0, then applying Itoˆ’s formula for semimartingales (cf. Klebaner (2008,
P. 234) one has
Ex
[
e−q(t∧T )V (Ub(t ∧ T ), b)
]
= V (x, b)
+Ex
∫ t∧T
0
e−qs[(A− q)V (Ub(s), b)− α1{Ub(s)>b}V
′(Ub(s), b)]ds.
Letting t → ∞ and note that V (0, b) = 0 (since Ub always creeps downward and hence
Ub(T ) = 0 almost surely given T <∞) we have
V (x, b) = αEx
∫ T
0
e−qt1{Ub(t)>b}dt
if and only if
(A− q)V (x, b)− α1{x>b}V
′(x, b) = −α1{x>b}.
If X is of bounded variation, we are allowed to use the change of variables (Theorem 31,
Protter, 1992); If X is of unbounded variation and σ = 0, using the Meyer-Ito’s formula
(Theorem 70, Protter, 1992) and stochastic integration by parts for semimartingales, we
also get the result. The conditions (3.4) and (3.5) are true for the dual of the compound
Poisson model (see Ng (2009)). For general case, we can prove (3.4)-(3.6) are also true by
using the approximation argument that used in Shen et al. (2013) for spectrally negative
Le´vy processes. This ends the proof.
Define the first passage times, with the convention inf ∅ =∞,
T+b = inf{t ≥ 0 : Ub(t) > b}, T
−
b = inf{t ≥ 0 : Ub(t) < b}.
For q ≥ 0, let
Φ1(q) = sup{θ ≥ 0|Ψ(θ) + αθ = q}.
The following result generalized the result of Ng (2009, Theorem 2) in which only the
dual of the classical insurance risk model was considered.
Theorem 3.2. For x > b, we have
V (x, b) =
α
q
+
(
V (b, b)−
α
q
)
e−Φ1(q)(x−b). (3.7)
Proof. By using the strong Markov property of Ub at T
−
b as in Yin et al. (2013), we
have
V (x, b) =
α
q
−
α
q
Ex(e
−qT−
b , T−b <∞)
+Ex(e
−qT−
b V (Ub(T
−
b ), b), T
−
b <∞).
The result (3.7) follows since Px(Ub(T
−
b ) = b, T
−
b <∞) = 1 and
Ex(e
−qT−
b , T−b <∞) = exp(−Φ1(q)(x− b)).
The last formula is obtained from the corresponding result for a spectrally negative Le´vy
process (cf. Bertoin (1996, Theorem 1, P.189)). This completes the proof.
Theorem 3.3. Let X = {Xt}t≥0 be a spectrally positive Le´vy process, we assume that the
Le´vy measure Π has no atoms in the case that X has paths of bounded variation. Then
for 0 < x < b, we have
V (x, b) =
α
q
Z(q)(b− x)
+
(
V (b, b)−
α
q
)
eΦ1(q)(b−x)
(
1 + αΦ1(q)
∫ b−x
0
W (q)(z)e−Φ1(q)zdz
)
, (3.8)
where
V (b, b) =
α
q
(
1−
Z(q)(b)e−Φ1(q)b
1 + αΦ1(q)
∫ b
0
W (q)(z)e−Φ1(q)zdz
)
.
Proof. By the law of total probability and the strong Markov property, for 0 < x < b,
we have
V (x, b) = Ex(e
−qT+
b V (XT+
b
, b), T+b < T ).
This, together with (3.7), yields
V (x, b) =
α
q
Ex(e
−qT+
b , T+b < T )
+
(
V (b, b)−
α
q
)
Ex(e
−qT+
b
−Φ1(q)(X
T
+
b
−b)
, T+b < T ). (3.9)
From (2.3) in Yin and Wen (2013), we have
Ex(e
−qT+
b , T+b < T
−
0 ) = Z
(q)(b− x)−W (q)(b− x)
Z(q)(b)
W (q)(b)
. (3.10)
Next, we compute the second expectation in (3.9). By using the following formula,
which can be found in Kuznetsov, Kyprianiu and Pardo (2012, P. 1117) or Kadankov
and Kadankova (2005, (12)):
Ex
(
e−qT
+
b f(XT+
b
)
)
= Ex
(
e−qT
+
b f(XT+
b
), T+b < T
−
0
)
+Ex
(
e−qT
−
0 EX
T
−
0
(
e−qT
+
b f(XT+
b
)
)
, T+b > T
−
0
)
,
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and note that Px(Xτ−0 = 0) = 1 and Px(T
−
0 = T ) = 1, we have
Ex
(
e
−qT+
b
−Φ1(q)X
T
+
b , T+b < T
−
0
)
= −Ex
(
e−qT
−
0 , T+b > T
−
0
)
E0
(
e
−qT+
b
−Φ1(q)X
T
+
b
)
+Ex
(
e
−qT+
b
−Φ1(q)X
T
+
b
)
. (3.11)
From (2.2) in Yin and Wen (2013), we have
Ex
(
e−qT
−
0 , T+b > T
−
0
)
=
W (q)(b− x)
W (q)(b)
. (3.12)
Consider the dual process −X and by virtue of (58) in Kuznetsov, Kyprianiu and Rivero
(2012, P.122), we obtain
Ex
(
e
−qT+
b
−Φ1(q)X
T
+
b
)
= e−φ1(q)x
(
1 + αΦ1(q)
∫ b−x
0
W (q)(z)e−Φ1(q)zdz
)
−
αΦ1(q)
Φ(q)− Φ1(q)
e−φ1(q)bW (q)(b− x). (3.13)
Substituting (3.10)-(3.13) into (3.9), we get
V (x, b) =
α
q
(
Z(q)(b− x)−W (q)(b− x)
Z(q)(b)
W (q)(b)
)
+
(
V (b, b)−
α
q
){
eΦ1(q)(b−x)
(
1 + αΦ1(q)
∫ b−x
0
W (q)(z)e−Φ1(q)zdz
)
−
W (q)(b− x)
W (q)(b)
eΦ1(q)b
(
1 + αΦ1(q)
∫ b
0
W (q)(z)e−Φ1(q)zdz
)}
,
where the constant V (b, b) can be determined by conditions (3.5) and (3.6). Since
α
q
Z(q)(b) +
(
V (b, b)−
α
q
)
eΦ1(q)b
(
1 + αΦ1(q)
∫ b
0
W (q)(z)e−Φ1(q)zdz
)
= 0,
the result (3.8) follows.
Second proof of Theorem 3.3. From (3.7) and (3.9) we see that V has the assumed
smoothness in Theorem 3.1. We first assume that λ :=
∫∞
0
Π(dy) < ∞. Set c0 =
c+
∫ 1
0
yΠ(dy) and f(y)dy = Π(dy)
λ
, then f is a probability density on (0,∞). In this case,
in view of (3.7), the integro-differential equation (3.2) can be written as
1
2
σ2V ′′(x, b)− c0V
′(x, b) = −λ
[
V (b, b)−
α
q
] ∫ ∞
b−x
exp(−Φ1(q)(x+ y − b))f(y)dy
−λ
∫ b−x
0
V (x+ y, b)f(y)dy −
λα
q
(1− F (b− x))
+(λ+ q)V (x, b), 0 < x < b, (3.14)
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where F is the distribution function of f . Replace the variable x by z = b−x, and define
W by W (z, b) = V (b− z, b), 0 < z < b. The (3.14) becomes
1
2
σ2W ′′(z, b) + c0W
′(z, b) = −λ
[
W (0, b)−
α
q
] ∫ ∞
z
exp(−Φ1(q)(y − z))f(y)dy
−λ
∫ z
0
W (y, b)f(z − y)dy −
λα
q
(1− F (z))
+(λ+ q)W (z, b), 0 < z < b, (3.15)
with initial condition W (0, b) = V (b, b) and boundary condition W (b, b) = 0. We extend
the definition of W by (3.15) to z ≥ 0 and denote the resulting function by w. Then we
have
1
2
σ2w′′(z) + c0w
′(z) = −λ
[
w(0)−
α
q
] ∫ ∞
z
exp(−Φ1(q)(y − z))f(y)dy
−λ
∫ z
0
w(y)f(z − y)dy −
λα
q
(1− F (z))
+(λ+ q)w(z), z ≥ 0, (3.16)
with w(0) = V (b, b) and w(b) = 0.
For a function g, denoted by gˆ the Laplace transform of g, i.e. gˆ(ξ) =
∫∞
0
e−ξyg(y)dy.
Then the Laplace transform wˆ for w can be easily determined from Eq. (3.16) as
wˆ(ξ) =
1
2
σ2(w′(0) + ξw(0)) + c0w(0) +
λα
qξ
(fˆ(ξ)− 1)− λ
ξ−Φ1(q)
(w(0)− α
q
)(fˆ(Φ1(q))− fˆ(ξ))
1
2
σ2ξ2 + c0ξ − (λ+ q) + λfˆ(ξ)
.
(3.17)
Note that ∫ ∞
0
e−xξW (q)(x)dx =
1
1
2
σ2ξ2 + c0ξ − (λ+ q) + λfˆ(ξ)
,
∫ ∞
0
e−xξdx
∫ x
0
W (q)(y)dy =
1
ξ(1
2
σ2ξ2 + c0ξ − (λ+ q) + λfˆ(ξ))
,
∫ ∞
0
e−xξdx
∫ x
0
dy
∫ y
0
W (q)(z)dz =
1
ξ2(1
2
σ2ξ2 + c0ξ − (λ+ q) + λfˆ(ξ))
.
Now inverting (3.17) gives
w(z) =
1
2
w′(0)σ2W (q)(z) +
1
2
σ2w(0)
∫ z
0
W (q)(z − y)δ′0(y)dy
+c0w(0)W
(q)(z) + λw(0)
(
W (q) ∗ (f − fˆ(Φ1(q))δ0) ∗ l
)
(z)
+
λα
q
(
Φ1(q)
Z(q) − 1
q
∗ (δ0 − f) ∗ l
)
(z)
+
λα
q
fˆ(Φ1(q))− 1)(W
(q) ∗ l)(z), (3.18)
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where δ0 is the Dirac delta function at 0, h1 ∗ h2 stands for convolution of h1 and h2 and
l(z) = exp(Φ1(q)z). After some tedious calculations, we get∫ z
0
W (q)(z − y)δ′0(y)dy =W
(q)′(z),
λ
(
W (q) ∗ (f − fˆ(Φ1(q))δ0) ∗ l
)
(z) = αΦ1(q)
∫ z
0
W (q)(z − y)eΦ1(q)ydy
+eΦ1(q)z −
1
2
σ2W (q)
′
(z)
−(
1
2
σ2Φ1(q) + c0)W
(q)(z),
λ((Z(q) − 1) ∗ (δ0 − f) ∗ l)(z) =
(
1
2
σ2qΦ1(q) + c0q
)∫ z
0
W (q)(z − y)eΦ1(q)ydy
+
1
2
σ2qW (q)(z)− q
∫ z
0
Z(q)(z − y)eΦ1(q)ydy.
Substituting the three expressions above into (3.18) we arrive at
w(z) =
1
2
σ2w′(0)W (q)(z)
+ w(0)
(
eΦ1(q)z −
1
2
σ2Φ1(q)W
(q)(z)
+αΦ1(q)e
Φ1(q)z
∫ z
0
W (q)(y)e−Φ1(q)ydy
)
+
α
q
(
1
2
σ2Φ1(q)W
(q)(z)− eΦ1(q)zΦ1(q)
∫ z
0
Z(q)(y)e−Φ1(q)ydy
)
+
α
q
eΦ1(q)z (q − αΦ1(q))
∫ z
0
W (q)(y)e−Φ1(q)ydy.
Note that
1
2
σ2w′(0)W (q)(z)−
1
2
w(0)σ2Φ1(q)W
(q)(z) +
α
q
1
2
σ2Φ1(q)W
(q)(z) = 0,
and
− eΦ1(q)zΦ1(q)
∫ z
0
Z(q)(y)e−Φ1(q)ydy + eΦ1(q)z (q − αΦ1(q))
∫ z
0
W (q)(y)e−Φ1(q)ydy
= Z(q)(z)− eΦ1(q)(z)
(
1 + αΦ1(q)
∫ z
0
W (q)(z)e−Φ1(q)zdz
)
.
Thus we have the simpler expression
w(z) =
α
q
Z(q)(z) +
(
w(0)−
α
q
)
eΦ1(q)(z)
(
1 + αΦ1(q)
∫ z
0
W (q)(z)e−Φ1(q)zdz
)
, (3.19)
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and the result (3.8) follows since V (x, b) = w(b− x) and w(0) = V (b, b).
Now, we assume that λ :=
∫∞
0
Π(dy) =∞. Let Πn be measures on (0,∞) defined by
Πn(dx) = Π(dx)1{( 1
n
,∞)}(x), n ≥ 1.
Then we have
λn :=
∫ ∞
0
Πn(dx) ≤ n
2
∫ 1
1
n
x2Π(dx) +
∫ ∞
1
(1 ∧ x2)Π(dx) <∞.
Set cn = c +
∫ 1
0
yΠn(dy) and fn(y)dy =
Πn(dy)
λn
, then for each n ≥ 1, fn is a probability
density on (0,∞). Similar to (3.14) we consider the following integro-differential equation
1
2
σ2Vn
′′(x, b)− cnVn
′(x, b) = −λ
[
Vn(b, b)−
α
q
] ∫ ∞
b−x
exp(−Θn(q)(x+ y − b))fn(y)dy
−λ
∫ b−x
0
Vn(x+ y, b)fn(y)dy −
λα
q
(1− Fn(b− x))
+(λ+ q)Vn(x, b), 0 < x < b,
where Θn(q) = sup{θ ≥ 0|Ψn(θ) + αθ = q}. Here,
Ψn(θ) = cnθ +
1
2
σ2θ2 +
∫ ∞
0
(e−θx − 1 + θx1{|x|<1})Πn(dx).
Repeating the same argument as the case that λ :=
∫∞
0
Π(dy) <∞, we obtain
Vn(x, b) =
α
q
Z(q)n (b− x)
+ (Vn(b, b)−
α
q
)eΘn(q)(b−x)
(
1 + αΘn(q)
∫ b−x
0
W (q)n (z)e
−Θn(q)zdz
)
,
where W
(q)
n and Z
(q)
n are scale functions corresponding to the process Xn with Laplace
exponent Ψn. Since limn→∞Ψn(θ) = Ψ(θ), then Xn → X weakly as n → ∞. Thus
limn→∞ Vn = V , limn→∞W
(q)
n = W (q), limn→∞ Z
(q)
n = Z(q) and limn→∞Θn = Φ1. Con-
sequently, (3.8) still holds for this case. The constant V (b, b) can be determined by
conditions (3.5) and (3.6). This ends the proof of Theorem 3.3.
Remark 3.1. For σ ≥ 0, from the graph of
Ψ(Φ1(q)) + αΦ1(q) = q
one can verify that Φ1(q) → 0 when α → ∞. After some simple calculations we get
limα→∞ αΦ1(q) = q,
lim
α→∞
α(q − αΦ1(q)) = qΨ
′(0+),
and
lim
α→∞
V (b, b) =
Z
(q)
(b)
Z(q)(b)
+
Ψ′(0+)
qZ(q)(b)
−
Ψ′(0+)
q
.
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As a result, for 0 < x < b, we arrive at
lim
α→∞
V (x, b) =
Z
(q)
(b)
Z(q)(b)
Z(q)(b− x)− Z
(q)
(b− x) +
Ψ′(0+)
q
(
Z(q)(b− x)
Z(q)(b)
− 1
)
,
which is the expected discounted value of dividend payments for the barrier strategy. See
Lemma 2.1 of Bayraktar, Kyprianou and Yamazaki (2013).
4 Optimal dividend strategy
In this section we will focus on verifying the optimality of the threshold strategy with b∗.
Lemma 4.1. (Verification lemma) Suppose that pˆi is an admissible dividend strategy such
that Vpˆi is smooth on (0,∞) and for all x > 0
AVpˆi(x)− qVpˆi(x) + sup
0≤r≤α
{r(1− V ′pˆi(x))} ≤ 0 (4.1)
with Vpˆi(0) = 0, where A is the extended generator of the process X, which is defined by
(3.1). Then Vpˆi(x) = V (x) for x ≥ 0 and hence pˆi is an optimal strategy.
Proof. Kyprianou, Loeffen and Pe´rez (2012) obtained the related result for spectrally
negative Le´vy processes. The proof here is similar to the proof of Lemma 5 in their paper
and we omit it.
Theorem 4.1. For any spectrally positive Le´vy process, consider the stochastic control
problem (2.7). Let Ξ be the class of admissible dividend strategies satisfying (2.5)-(2.6).
Suppose that Φ1(q)
α
q
> 1. Then we have V (x) = V (x, b∗) and the threshold strategy with
threshold level b∗ is the optimal dividend strategy over Ξ, where
V (x, b∗) =


α
q
− 1
Φ1(q)
e−Φ1(q)(x−b
∗), if x > b∗,
−
α
∫ b∗−x
0
W (q)(z)e−Φ1(q)zdz
e−Φ1(q)(b
∗
−x) +
α
q
Z(q)(b∗ − x)− e
Φ1(q)(b
∗
−x)
Φ1(q)
, if 0 < x < b∗,
(4.2)
and b∗ is determined by
V (b∗, b∗) =
α
q
−
1
Φ1(q)
.
Corollary 4.1. For the dual of the compound Poisson model perturbed by Brownian mo-
tion, the optimal strategy with bounded rate of dividend payment is formed by a threshold
one regardless of the gains distribution.
Corollary 4.2. For the dual of the compound Poisson model, the optimal strategy with
bounded rate of dividend payment is formed by a threshold one provided the gains distri-
bution is continuous on (0,∞).
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Proof of Theorem 4.1. It follows from (3.7) that
V ′(x, b) = −Φ1(q)
(
V (b, b)−
α
q
)
e−Φ1(q)(x−b), x > b. (4.3)
If Φ1(q)
α
q
≤ 1, then V ′(x, 0) ≤ 1 since V (0, 0) = 0. Thus b∗ = 0. Now, suppose that
Φ1(q)
α
q
> 1, we get the condition for b∗:
− Φ1(q)
(
V (b∗, b∗)−
α
q
)
= 1.
Or, equivalently, b∗ is the solution of the equation
V (b∗, b∗) =
α
q
−
1
Φ1(q)
. (4.4)
From (3.7) and (3.8) we get
V (x, b∗) =


α
q
− 1
Φ1(q)
e−Φ1(q)(x−b
∗), if x > b∗,
−
α
∫ b∗−x
0 W
(q)(z)e−Φ1(q)zdz
e−Φ1(q)(b
∗
−x) +
α
q
Z(q)(b∗ − x)− e
Φ1(q)(b
∗
−x)
Φ1(q)
, if 0 < x < b∗.
(4.5)
Taking derivative with respect to x in the both sides of the above relation leads to
V ′(x, b∗) =

 e
−Φ1(q)(x−b∗), if x > b∗,
eΦ1(q)(b
∗−x)
(
1 + αΦ1(q)
∫ b∗−x
0
W (q)(z)e−Φ1(q)zdz
)
, if 0 < x < b∗.
(4.6)
It follows that V ′(x, b∗) < 1 when x > b∗. Further, for 0 < x < b∗,
V ′′(x, b∗) = −Φ1(q)e
Φ1(q)(b∗−x)
(
1 + αΦ1(q)
∫ b∗−x
0
W (q)(z)e−Φ1(q)zdz
)
− αΦ1(q)W
(q)(b∗ − x) < 0. (4.7)
Thus for 0 < x < b∗, V ′(x, b∗) > V ′(b∗, b∗) = 1. Taking into account of Eqs (3.2) and (3.3)
we see that V (x, b∗) satisfies (4.1) and the result follows.
Remark 4.1. From (4.6) and (4.7) we find that V ′(x, b∗) is continuous on (0,∞),
V ′′(b∗−, b∗) = −Φ1(q)−αΦ1(q)W
(q)(0) and V ′′(b∗+, b∗) = −Φ1(q). So that if X has paths
of bounded variation, then V ′′(b∗−, b∗) 6= V ′′(b∗+, b∗) and, if X has paths of unbounded
variation, then V ′′(b∗−, b∗) = V ′′(b∗+, b∗).
Remark 4.2. It is interesting to note that the optimal strategy with bounded rate of
dividend payment is formed by a threshold strategy for spectrally positive Le´vy process
regardless of the Le´vy measure. However, for the spectrally negative Le´vy model −X, it
was shown in Kyprianou, Loeffen and Pe´rez (2012) that the optimal strategy is formed
by a threshold strategy under condition that the Le´vy measure of −X has a completely
monotone density.
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